Non-commutative Polynomials of 
Independent Gaussian Random Matrices. 
The Real and Symplectic Cases. 
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In [HT2] Haagerup and Thorbj0rnsen prove the following extension of Voiculescu's 
random matrix model (cf. [V2, Theorem 2.2]): For each n G N, let x[ n \ . . . ,X^ 
be a system of r independent complex self-adjoint random matrices from the class 
SGRM(n, -), and let x%, . . . , x r be a semicircular system in a C*-probability space. 
Then for any polynomial p in r non-commuting variables the convergence 
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Abstract 



<>: lunJp(x[ n \...,xW)\\ = \\p(x 1 ,...,x r ) 

holds almost surely. We generalize this result to sets of independent Gaussian 
random matrices with real or symplectic entries (the GOE- and the GSE-ensembles) 
£T) . and random matrix ensembles related to these. 

o 

1 Introduction. 

Throughout this paper we let 9 r , P) denote a fixed probability space, and for each 
positive integer n and each a > we let SGRM(n, a 2 ) denote the set ofnxn self-adjoint 
■ Gaussian random matrices denned in [HT2]: 

(i) SGRM(n, a 2 ) is the set of self-adjoint random matrices X = (Xij) : Q — > M n (C) 
satisfying that {X u \l < i < n} U {\/2ReA%|l < % < j < n} U {v^ImXyll < % < 
j < n} is & set of n 2 i.i.d. random variables with distribution iV(0, a 2 ). 



We shall also consider the following related random matrix ensembles: 
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(ii) GRM(n, a 2 ), which was defined in [HT2] as well, is the set of random matrices 
Y : Q — > M„(C) satisfying that the real and the imaginary parts of the entries of Y, 
Re(Fjj), Im(Y^), 1 < i,j < n, constitute a set of 2n 2 i.i.d. random variables with 
distribution JV(0, \a 2 ). 

(iii) GRM R (n, a 2 ) is the set of random matrices Y : VI — > M n (R) satisfying that the 
entries of Y", Yy 1 < i,j < n, constitute a set of n 2 i.i.d. random variables with 
distribution iV(0,<7 2 ). 

(iv) GOE(n, a 2 ) is the set of self- adjoint real random matrices X : Q — > M n (M) satisfying 
that {^Xjj|l < i < n} U < i < j < n} is a set of |n(n + 1) i.i.d. random 
variables with distribution iV(0,a- 2 ). 

(v) GOE*(n,(i 2 ) is the set of self-adjoint purely imaginary random matrices X : Q — > 
M n (iR) satisfying that {Im(Xjj)|l < i < j < n} is a set of — 1) i.i.d. random 
variables with distribution N(0,a 2 ). 



Note that (up to scaling) SGRM(n, a 2 ) is the Gaussian Unitary Ensemble (GUE) from 
[Me], and GOE(n, a 2 ) is the Gaussian Orthogonal Ensemble (GOE) from [Me]. 

Also note that for every Y G GRM R (n, a 2 ) we have 

Xi = ~^=(Y + Y*) e GOE(n, a 2 ), 
v2 

and 

X 2 = —=(Y - Y*) e GOE*(n, a 2 ). 
iv 2 

Moreover, X x and X 2 are stochastically independent. Conversely, if X x e GOE(n, a 2 ) 
and X 2 G GOE*(n, a 2 ) are independent, then 

Y = — ^=(Xi + iX 2 ) G GRM R (n, <r 2 ). (1.1) 
v2 

In their paper, new application of random matrices: Ext(C* ed (F 2 )) is not a group, 
Haagerup and Thorbj0rnsen prove 

Theorem. [HT2, Theorem 7.1] Let r G N, and for each n G N, let xf°, . . . ,X^ n) be 
stochastically independent random matrices from SGRM(n, -). Furthermore, let (A, t) be 
a C* -probability space with r a faithful state on A, and let {xi, . . . , x r } be a semicircular 
system in (.A, r). Then there is a P-null set iV C Q such that for any uo G Q \ N and for 
any polynomial p in r non-commuting variables: 

hm |b(x{ n) H, . . . ,X^(u))\\ = \\p( Xl , ...,x r )\\. 



We prove similar results for some other classes of self-adjoint Gaussian random matrices: 
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Theorem A. Let r, s G N with r + s > 1 , and for each n G N, let X} n , . . . , be 
stochastically independent random matrices defined on (Q, 3 r , P) such that x[ n \ . . . , G 
GOE(n, J) and X^, . . . , X^ s G GOE*(n, J). Furthermore, let (A, r) be a ^-probability 
space with r a faithful state on .A, and let {x±, . . . , x r+s } be a semicircular system in (A, t). 
Then there is a P-null set JV C Q such that for any wGfi\iV and for any polynomial p 
in r + s non-commuting variables: 

hm Mx[ n \u), . . . ,^»)|| = Hp^x, . . • ,x P+a )||. 



In the sections 2 to 5 we concentrate on proving that there is a P-null set N' C such 
that for any non-commutative polynomial p in r + s variables and for every u G Q \ N', 

limsup|b(x{ n) (a;),...,xS(a;))|| < |b(^i, • • • ,x r+s )\\, (1-2) 



and in Section 6 we prove that there is a P-null set N" C such that for any non- 
commutative polynomial p in r + s variables and for every G f2 \ iV", 

hminf Mxl n \u),...,X<$,(u))\\ > . . . , x r+s )||. (1.3) 



Clearly, Theorem A follows from (1.2) and (1.3). 

The proof of (1.2) follows the lines of [HT2], and we shall at some places leave out 
the details and refer to that paper instead. However, additional difficulties arise in the 
GOE/GOE*-case, and this is mainly due to the appearance of a term of order ^ in our 
"master equation" (cf. Theorem 2.1), 

r , 
e{(o - A)if n (A) + J2[°>jHn(X)a*H n (X) + a*H n (X) aj H n (X)} + l m | = — P n (A), 

where we use the notation introduced in Section 2. The corresponding equation in [HT2] 
(cf. [HT2, Theorem 3.6]) contains no such term: 



E 



r 

|(a - X)H n (X) + J2^H n (\) a] H n (\) + l m } = 0. 

3=1 



A crucial ingredient in the proof given by Haagerup and Thorbj0rnsen is the following 
estimate (cf. [HT2, Theorem 5.7]): 

||G B (A)-G(A)|| = 0(1), 

Because of the difference mentioned above we get an extra term of order - (cf. Theo- 
rem 4.4): 

G n (X) - G(X) - —L(X) =0(\). 
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In Section 5 it is proved that /(A) := tr m (L(Al m )) gives rise to a compactly supported 
distribution, A, such that 

E{(tr m <g> tr„)0(S n )} = (tr m <g> r)0(s) + -A(0) + O (\) 

for any G C^°(M) (still with the same notation as in Section 2). In fact, supp(A) C a(s), 
so A(0) = for any G C C °°(M) with supp(» fl a(s) = 0. It follows that for lp G C°°{R) 
such that -0 is constant outside a compact set of H. and supp(0>) fl <r(s) = 0, 

E{(tr m ®tr n )^(5' n )} = 0(-^) 

- an estimate similar to the one obtained by Haagerup and Thorbj0rnsen in [HT2, 
Lemma 6.3] and a cornerstone of the proof of Theorem A. 

In Section 7 we consider yet two other ensembles which are random matrix ensembles 
with quaternionic entries. Remember that the quaternions is the division ring, H, which 
is, as a vector space over the real numbers, spanned by four linearly independent vectors, 
1, j, k, I, satisfying the identities 

f = k 2 = l 2 = -l 

and 

jk = —kj = I, kl = —Ik = j, Ij = —jl = k. 
We denote by H c the complexification of HI. 
It is well known that 

defines a ring homomorphism which is an embedding of HI into M2(C). 

(vi) GSE(n, a 2 ) is the set of random matrices X — >• M n (B) = H <g> R M n (R) satisfying 
that 

X = l®V + j® (iW) +k® (iF) + I <g> (iZ), 

for some V G GOE(n, and some W,Y,Z G GOE*(n, where V, W, F and Z 
are stochastically independent. If we identify HI with a real sub-algebra of M2(C) 
in the way described above, then 

as a random matrix taking values in M 2 (C) ® M n (C), and this shall be our preferred 
description of GSE(n, <x 2 ). 



4 



(vii) GSE*(n, a 2 ) is the set of random matrices X ->• M n (Ef) — H <S>r M„(C) satisfying 
that 

X = l®V + j® i\W) + k(g) (iY) + I ® (iZ), 

for some V G GOE*(n, *£) and some W, Y, Z G GOE(n, where V, W, Y and Z 
are stochastically independent. Again, we shall preferably consider X as a random 
matrix taking values in M2(C) <8> M n (C) with 

Up to scaling GSE(n, a 2 ) is the same as the Gaussian Symplectic Ensemble from [Me]. 

Whenever {Xj\j G J} is a family of random matrices in GSE(n, a 2 ) U GSE*(n, a 2 ), we 
shall say that the X/s are stochastically independent, if and only if the V^-'s, the Wj% 
the Y/s and the Z/s form a set of stochastically independent random matrices. 

Finally, for the sake of completeness we define: 

(viii) GRM H (n, a 2 ) is the set of random matrices Y — > M n (H) satisfying that 

Y = 1®V + j ®W + k®X + 1®Z 

for some stochastically independent random matrices V, W, X and Z from GRM R (n, ^-). 
Equivalent ly, 

Y = -L(X 1 + iX 2 ), (1.4) 

for some stochastically independent random matrices Xi G GSE(n, a 2 ) and X 2 G 
GSE*(n ?( x 2 ). 

We apply Theorem A to obtain: 

Theorem B. Let r, s G N with r + s > 1 , and for each n G N, let xf°, . . . , X^ } s be 
stochastically independent random matrices defined on (Q, 3 r , P) such that x[ n \ . . . , Xr"' 1 G 
GSE(n, i) and X^, . . . , X^ s G GSE*(n, ±). Furthermore, let (A, t) be a ^-probability 
space with r a faithful state on .A, and let {x±, . . . , x r+s } be a semicircular system in 
(A,t). Then there is a P-null set N C Q such that for any G f2 \ N and for any 
polynomial p in r + s non-commuting variables: 

hm \\p(X< n \u),...,X™{u))\\ = Ib^,...,^)!!. 



Haagerup and Thorbj0rnsen apply [La, Proposition 4.1] and their main Theorem to prove 
that for p G N and Y n G GRM(n, ±), 



lim W V n\\ 



pP 



almost surely (cf. [HT2, Corollary 9.7]). Similarly, with the aid of [La, Proposition 4.1] 
and the identities (1.1) and (1.4), the following corollary follows from Theorem A and 
Theorem B: 

Corollary. Let p E N, and for each n E N, let Y n E GRM R (n, ±) (Y n E GRM H (n, ±), 
respectively). Then, in both cases, 



lim „ „ 

n^oo 



pp 



almost surely. 



2 Master equation and master inequality in the real 
case. 

Throughout this section let r, m E N and a ,ai, . . . ,a r E M m (C) with Oq = a , and 
for each positive integer, n, let , . . . , be independent random matrices from 
GRM M (n, ^). Then define the self-adjoint random matrix 5 n taking values in M m (C) ® 
M„(C) by" 

r 

S n = a <g> In + ^(% ® Y\ n) + a* ® F/ n) *). (2.1) 
j'=i 

Also, for A G M m (C) set 

ImA = —(A - A*), 
2i v ; ' 

and for ImA > (i.e. ImA is positive definite) define 

H n (X) = (id m ® tr n )[(A ® l n - Sn)- 1 }. (2.2) 

We denote by e^f 1 the matrix unit in M m (C) with 1 at entry (A;,/) and at all other 
entries. 

For an element u E M m (C) ® M„(C) we let -u* denote the transpose of u w.r.t. the natural 
identification of M m (C) ®M n (C) with M mn (C). Note that for a G M m (C) and 6 G M n (C), 
(a ® 6)* = a * ® 6*. 

Finally, for any invertible square matrix a we denote by aT l the transpose of gT 1 . 
Applying the methods of Haagerup and Thorbj0rnsen from [HT2] we prove 

2.1 Theorem. (Master equation) For every positive integer n and every A G M m (C) 
with ImA > 

r 1 
E{(a - A)#„(A) + J2[ajH n (\)a*H n (\) + a*//„(A) % //„(A)] + l m } = — i?„(A), (2.3) 
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where 

r m 

R nW =EE %4? } E{(id m ® tr n )[(A <g> l n - ^(e^ <g> 1„)(A <g> l n - S^ 1 ]} 

i=l k,l=l 

r m 

+ S*4? )E {(idm ® tr n )[(A ® l n - S'„)- t (e£ l) a5 ® 1„)(A ® l n - Sn)' 1 }}. 

3=1 k,l=l 

(2.4) 

Proof. Consider a fixed ji6N. For 1 < j < r let {{Yj n ^)ki}i<k,i<n denote the entries of 
Yj n) . By [HT2, Lemma 3.3] and [HT2, Lemma 3.4], 

E{(Yj n) ) kl (X ® l n - S^ 1 } = ^ E {^[ =0 ( A ® In " 5„ - t(a, ® e j£> + a* ® e^))- 1 } 

= -E{(A ® l n - S n y\a 3 <g> + a* ® e%>)(\ ® l n - S^ 1 }. 

Since 

n 

^ B) = E(^ B) )« e L B) . 

it follows that 

E{(a :i ®Yj n) )(X®l n -S n )- 1 } = 
1 n 

- E ® 4?)E{(A ® l n - S*)"^ ® + a* ® e! fc n) )(A ® l n - S^ 1 }, 

k,l=l 

and 

E{(a*®Yl n) *)(X®l n -S n )- 1 } = 
1 n 

- E K* ® 4 n) ) E {( A ® !n - ® + a* ® e£ } )(A ® l n - S^ 1 }. 

As in the proof of [HT2, Lemma 3.5], for every m x m matrix b, 

n 

£ (l m ® e^)(A ® l n - 5 n ) _1 (6 ® e^) = n H n (X)b ® l n . 
Also observe that for any elementary tensor x ®y & M m (C) ® M n (C), 

n 

^(l^e^Xx^xi^e^) = x ® = ® y)* 
fc,/=i 

= (E(47 ) ®ln)(^y)(elT ) ®l„)) 
fc,/=l 

m 

fc,/=l 

7 



Hence, 

J2 (lm ® e£ } )(A ® 1 B - ^(l™ ® e&>) = J] (ejf> ® 1 B )(A ® 1„ - ^(eg ® l n ). 

k,l=l k,l=l 



m 



Combining the above observations we find that 

E{( aj ® F/ n) )(A ® l n - Sn)" 1 } = E{( aj H n (X)a* ® l n )(A ® l n - 5 n )- 1 }+ 



m 



- E ® !«) E {( A ® " ^)^(el7 } a, ® 1„)(A ® l n - S^ 1 }, 



and 



E{(a* ® Yf r )(A ® l n - S^ 1 } = E{(a*H n (X) aj <g> 1„)(A ® l n - 5 n )- 1 }+ 

- E K*4? } ® ln)E{(A ® 1„ - 5 n )- t (e£ l) a^ ® l n )(A ® l n - S^ 1 }. 



Applying now (id m ® tr n ) to both sides of the equations above we get 
E{(id m ® tr n )[(a, ® F. (n) )(A ® l n - S^' 1 ]} = E{(a j H n (X)a*H n (X)}+ 

- E a,ei7 } E{(id m ® tr n )[(A ® l n - S , „)-*(e£ l) a J - ® l n )(A ® l n - S^ 1 ]}, 

k,l=l 

E{(id m ® tr n )[(a* ® r/ n) *)(A ® l n - S^) -1 ]} = E{(a*H n (X)a j H n (X)}+ 

- E («;4? } E{(id m ® tr n )[(A ® l n - ^(e^a* ® l n )(A ® l n - S^ 1 ]}. 

Since 

E{(a - A)# n (A)} = E{(id m ® tr n )((a - A) ® 1„)(A ® l n - S^" 1 }, 
we conclude that 

r 

E{(a - A)if n (A) + ^ aj H n {X)a*H n {X) + a*#„(A) % # n (A)} = 

r 1 
E{(id m ® tr„)[((a - A) ® l n + J] a, ® Yj n) + a* <g> Yf } *)(A ® l n - S^ 1 ]} - -R n 

3=1 U 

Hence, 

E{(a - X)H n (X) + ^[ % //„(A)a*// n (A) + a*H n (X) aj H n (X)} + l m } = --R n (X), 



and the proof is complete. 



Now, let (A, r) be a C*-probability space, and let y±, . . . , y r be a circular system in (A, r), 
i.e. with 



x 



xi, . . . , form a semicircular system. Define 

r 

s = a <g> lyt + y^(aj ® + a* <g> y*). 

3=1 



Note that 



' 1 1 
s = a <8> lyi + ^ (^-y=(dj + a*) <S> Xj + 7~/|( a i ~~ a *j) ® x j+r^j ■ 



J= i 

For A G M m (C) with ImA > define 

G(X) = (id m ®T)[(\®l A -s)- 1 ]. 
According to [HT2, Lemma 5.4] we have the following identity 



(2.5) 



(2.6) 



A = a °+E [^K+^) G ( A )^(%+S*) + ^(%-S*) G ( A )^K'-^)]+ G ( A ) -1 ' ( 2 - 7 ) 



or equivalently, 



V2' 



A = a + ^[a,G(A)a* + a*G(A)a,] + G(A) _1 . 



(2- 



2.2 Remark. Let r and n be positive integers, and define an isomorphism tp : M n (C) — > 
C™ 2 by 

■0o((afei)l<jfc,i< n ) = ((ojfcz)l<fc,J<n)- 

for (ciki)i<k,i<n G ^Wti(C). has a natural extension to a linear isomorphism between 
M n (C) r and C rn , which we denote by ip\ 

^j(A u ...,A r ) = (^o(A), . . . , Vo(A-)), (Ai, . . . , A- e M n (C)). 
Define a norm || • || e on M n (C) r by 

r 

|| (A, ... , A r ) \\l = Tr„ ( A*A) , (A, ■ ■ ■ , A G M n (C)), 

i=i 



and note that ^ is an isometry with respect to this norm and the Euclidian norm on C rn . 
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If Y} n} , Y r {n > are independent random matrices from GRM R (n, i), then Y = ip(Y^ n \ . . . , Y r {n) ) 

2 2 

is a random variable taking values in W n , and the distribution of Y on IR rn is v <g) • • • <g) f 
(rn 2 terms), where z/ denotes the Gaussian distribution iV(0, -) on R. By the Gaussian 
Poincare inequality (cf. [HT2, Remark 4.3]), if / : W n -> C is a C -"--function such that / 
and grad/ are polynomially bounded, then, with / = fijp) : M n (C) r — > C: 

V^,..,!}"))} < iE{||grad/(y 1 (B) ,...,y r W)||^}, 
where Y{g} = E{|p - E{5f}| 2 } for any function # G L 2 (f2, P). 



2.3 Lemma. Let r, m and n be positive integers, let ai,...,a r G M m (C), and let 
Wi, . . . , w r G M n (C). Tnen, with u> = (u>i, . . . , w r ), 



r r 

ai ® ^ + a * <g> < 2m 1/2 ( V Ikl! 2 ) 

^ ' 2,Tr m <g>Tr„ V ^— ' / 



1/2, 



«=1 4 = 1 

wnere || • ||2,Tr m (giTr n denotes the Hilbert-Schmidt norm on M m (C) ® M n (C). 

Proof. This is a simple application of the Cauchy-Schwartz inequality for the standard 
inner product on C r : 



^ Oj <g> Wi + a* <S> w] 



i=l 



< 



2,Tr m (g.Tr„ 



2^ |K||2,TrJ|Wi|| 2 ,Tr„ 
i=l 

< 2(^||a l || 2 jTrm ) ' (X^IHI 2 .,^) 



1/2 



i=l 
r 



i=l 



1/2, 



1/2 

2(^Tr m (a*a,)) ||w 

i=l 

r 

< 2m 1 / 2 ||^a*a 

i=i 

< 2m 1 / 2 (^||a,| 



1/2, 



2.4 Theorem. (Master inequality) There is a constant C\ < oo such that for every 
positive integer n and for every A G M m (C) with ImA > 0, 

| a„ + J>,G n (A)a* + a*G n (A) % ] + G n (A) _1 - A + ^R n (X)G n (X)- 1 \ 

J=1 " (2.9) 

<§(||A||+^) 2 ||(ImArT, 

where K — ||ao|| + 16^^=1 ll a j|l- 
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Proof. Let n G N, and let A G M m (C) with ImA > 0. Define 

tf n (A) = if n (A)-G n (A). 

According to Theorem 2.1 

r 

e{ ^ %J ftT n (A)a*^ n (A) + a*K„(A) % K n (A)} = 

3=1 

r 

- (^KG n (A)a*G„(A) + a]G n {\)a 3 G n {\)] + (a - A)G n (A) + l f 



(2.10) 



-i?n(A), 

n 



i.e. 



-E{ ^a J ir n (A)a*K n (A) + a*ir„(A)a^ n (A)}c„(A)- 1 = 
j'=i 

a + 3a 3 G n (A)a* + a*G„(A) % ] + G n (\)~ l - A + -R n (X)G n (X)-\ 

77 

which implies that 

r 1 
+ $>,G n (A)a*+a*G n (AK-] + Gn(A)^ 1 - A + -i? n (A)G n (A)- 1 

77 

r 

< e{ J] a 3 K n {\)a* + a*K n (X) aj || ||X n (A) || } HG^A)- 1 1 



a 



The mappings i> i— > cijva*, v i— > a*va,j, 1 < j ' < r, are all completely positive. Hence, the 
sum of these mappings is also completely positive, so it attains it norm at the unit of 
M m (C), and we have 

a + Y}a 3 G n {\)a* + a*G„(A)a J ]+G' n (A)- 1 - A + -R n (\)G n (\)~ l 



< 



£ ",") ■ E{||^(A)|| 2 } HG^A)- 1 ! 



<2^||a J || 2 E{||^ t (A)||| Trm }||G n (A)- 1 ||, 

where ||-ft'n(A)||2,Tr m denotes the Hilbert-Schmidt norm of K n (X). 
Now, for Y G GRM R (n, \) we can choose Z G GRM(n, ±) such that 
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where Z — (Z*)*. The random matrix Z may be expressed in terms of two indenpendent 
random matrices X 1 ,X 2 G SGRM(n, ^): 

It follows from [HT2, Lemma 5.1] that 

E{||r||}<2E{||X 1 ||}<8. 



By arguments similar to those presented in [HT2, Proof of Proposition 5.2], 

II^CA)- 1 !! < (||A|| +^) 2 ||(i m A)- 1 ||, 



(2.11) 



w 



here K — \\a \\ + 16£^ =1 ||aj||. 

To get an estimate of E{||i^ n (A)||2 )Trm } we follow the lines of [HT2, Proof of Theorem 4.5] 
and obtain: 



n\\Kn{X)\\hrJ < ~ E mterif^)(Y} n \...,YM)\\l}, (2.12) 

j,k=l 

where each f n ,j,k '■ M n (C) r — > C is defined by 

r 

fn,j,k(vu ...,v r )= m(tr m <g> tr„)[(ej7 ) ® l n )(A <S> 1„ - a <g> l n - ^ a * ® u * + a * ® 



i=i 



Let 1 < j, /c < m, let f = (t>i, . . . , iv) G M n (C) r , and let u> = (u>i, . . . , uv) G M„(C) r with 
||w|| e = 1- Proceeding as in [HT2, Proof of Theorem 4.5] we find that 



2 1 



_ fn,j,k( v + tw ) < - \\^2a i (g)w i + a* (g) w* 

t = Th II 



1=1 



2,Tr m (g>Tr n 



H(ImA) 



- 1 1 1 4 



Hence, by Lemma 2.3 



2 4t77- x — 

t=Q fn,j,k{v + tw) < — ElkiriKlmA)- 1 ! 



(2.13) 



and since u> was arbitrary, 

||grad/„,,, fe (t;)||^<^Ell^ll 2 |l( ImA ) _1 
Inserting this into (2.12) we obtain 



~ 1 1 1 4 



(2.14) 



i=i 



4m 3 



-1 114 



(2.15) 



i=i 
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Finally, 



G 



r 1 

+ ^[ flj G n (A)a* + a*G n (X)a 3 ] + G n (A) _1 - A + - J R„(A)G n (A)- 1 



<2^||a 

3 = 

8m 



Am 3 



n 2 

3=1 i=l 



^Ha.lHKlmA^fdlAII+^IKlmAr 1 ! 



E 



+ ^) 2 H(ImA) 



-1 1 1 5 



from which the theorem follows. 



2.5 Corollary. There is a constant C{ < oo such that for every positive integer n and 
for every A G M m (C) with JmA > 0, 



a + Y}^G n {\)a) + a*G„(A) % ] + G n (A) _1 - A 
j'=i 

< ^(||A|| + ^^IKlmA)- 1 !! 5 + IKJmA)- 1 !! 3 ), 

where K = \\a \\ + 16$^ =1 IK" II- 

Proof. By application of [HT2, Lemma 3.1] we find that 

m r 

IK(A)|| < 2^^||a J ||E{||(A®l„-5 n )-1||a J ||||(A®l„-5 n )- 1 ||} 

fc,Z=l j=l 



(2.16) 



< 



2m 2 (^||a,|| 2 )||(ImA)- 



1 1|2 



Then, by Theorem 2.4 and by (2.11) 



a + ^2[ajG n (X)a* + a*G n (A)a j ] + G n (X) 1 - A 
j'=i 

^^(IIAii + ^iKimA)- 1 !!^!!!^)!!!!^)- 1 ! 



<^(||A|| + X) 2 ||(ImA)- 1 || 5 + ^:(^||a j || 2 )||(ImA)- 1 | 
and the corollary follows. ■ 



2m k 
n 



+ rr) 2 ||(ImA)- 1 ||, 



3 Estimation of ||G„(A) - G(A)||. 

We stick to the notation introduced in the previous section and define the subset of 
M m (C) by 

= {A G M m (C)|ImA > 0}, (3.1) 
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and for A G put 

r 

An(A) = a + J2[a j G n (X)a* + a*G n (X)a j ] + G n (X)- 1 , (3.2) 

e(A) = ||(ImA) -1 || -1 . (3.3) 

Finally let 

0' n = {AG0|^(K+||A||) 2 (5(A)- 6 + ,(An<i}. (3.4) 

By application of Corollary 2.5 and the methods of [HT2, Proof of Lemma 5.5] one finds 
that for any A G 0^, 

ImA n (A) > 4^1™- 

Thus, A n (A) G with 

IKlmA^A))- 1 !! <2||(ImA)- 1 ||, (3.5) 

and by (2.8), 



a + Y^i a 3 G n(X)a* + a*G n {\)aj\ + G n (X) 1 



j'=i 



a + ^[a,G(A n (A))a* + a*G(A n (A)) % ] + G(A n (X))-\ 

3=1 



3.1 Proposition. Let n G N. TLen for all A G 0^, 

G(A„(A)) = G n (X). 

Proof. The proof is almost identical to [HT2, Proof of Proposition 5.5]. Only a few 
modifications are necessary to make it work in this case too. 

Making use of the fact that the function 1 1— > (K + t) 2 (t~ 6 + 1~ 4 ), t > 0, is continuous and 
strictly decreasing, it follows as in [HT2] that 

(a) 0' n is an open connected subset of M m (C). 
With 

0: = {AGO'J,(A)>2(5>J 2 )i}, 

which is an open, nonempty subset of 0'„, one gets, as in [HT2], that 

(b) G(A n (A)) = G n (X) for all A G 0". 
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Finally, apply the principle of uniqueness of analytic continuation. ■ 

Taking Corollary 2.5 into account and proceeding as in [HT2, Proof of Theorem 5.7] one 
gets: 

3.2 Theorem. There is a constant C2 < 00 such that for any A G and for any positive 
integer n 

\\G n (X) - G(X)\\ < 5*(||A|| + ^) 2 (||(ImA) _1 || 7 + ||(ImA) _1 || 5 ), (3.6) 



n 



where K = ||ao|| + 16 Y7j=i \\ a j 



Before stating the next corollary we introduce some notation. Let U be an open subset of 
M m (C), and let : U — > M m (C) be a complex differentiable map. For v G U we denote 
by 4>'(v) the differential of at v, i.e. 0'(t>) : M m (C) — > M m (C) is the (unique) linear 
map satisfying that for every differentiable curve a defined in a neighbourhood of zero, 

a : (—s,e) — > U, with a(0) = i>, the tangent vector ^ (/>(«(£)) is given by 



t=o 



dt 



t=0 



0(a(t)) = 0>)[a'(O)]. 



3.3 Corollary. Let A G 0, and let C2 be as in Theorem 3.2. Then for every positive 
integer n we have 



\G' n (X)-G'(X)\\< 



576C 2 



n 



+ K) 2 (||(ImA)- 1 || 8 +||(ImA)- 1 || 6 ). 



(3.7) 



Proof. Let n G N and let x G M m (C) with ||x|| = 1. Note that for every complex number 

z 

Im(A + zx) = ImA + lm(zx) > ImA — |z|l m . 

So A + zx G if \z\ < e(X) = ||(ImA) -1 || -1 . Hence, the map 

z 1— > G n (A + zx) — G(X + zx) 

is well-defined (and analytic) in the open disc in C of radius || (ImA) -1 centered at zero. 
Put r 

to the Cauchy formulas for vector valued analytic functions, 

II(g;(a)-g'(a))hh 

(G n (X + zx) - G(X + zx)) 



1 1| (ImA) 1 || 1 , and define a path 7 by j(t) = re 1 ', t G [0, 2ir]. Then, according 



d 



dz 



z=0 



1 [G n (X + (x)-G(X + (x) 



2vri 



C 2 

2vr 



< J_ p ||G w (A + 7 (t)x-G(A + 7 (t)x)|| df 



2vr J r 
< l - max { \\G n (X + 7 (t)x) - G(A + 7 (*)*) II } 

" S o^ {(11 A + 7(t);r|1 + K)2 ■ (l1 (Im(A + lit)x)yl ll? + 11 (MA + 7(t);r)) 



-ii 
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Now, for t E [0, 2vr] 

Im(A + 7(i)x) = ImA + rlm(e i *x) > (e(A) - r)l m = ^ || (ImA) -1 

Hence, 

||(Im(A + 7 (t)a;))- 1 || < 2||(ImA)- 1 ||. 

Also, since 

IIAIHKlmA)- 1 !^ HlmAHIKlmA)- 1 !! > 1, 

we have 

||A + 7(0*11 < ||A|| +r = ||A|| + 2||(Im 1 A) „ 1|| < \ ||A||. 

It follows that 

\\(G' n (\)-G'(X))[x}\\ < ^g||A||+K) 2 (2 8 ||(ImA)- 1 || 8 + 2 6 ||(ImA)- 1 || 6 ) 

< ^^(IIAII + ^HlKlmA^r + IKlmA)- 1 !! 6 ) 



576C 2 



n 



+ K) 2 (||(ImA)- 1 || 8 +||(ImA)- 1 || 6 ). 



4 Estimation of ||G(A) - G n {\) + ±L(A)||. 

For ao,ai, . . . ,a r in M m (C) with ao = ag (as in the previous sections) define 

d S =(^ °) eM 2m (C), (0<j<r), 

where aj is the matrix obtained by conjugation of the entries of aj. Note that = (a*)*. 
For A e M m {C) with ImA > set 



A = fj e M 2m (C), 



and for f/"^, . . . , stochastically independent random matrices from the class GRM R (n, ^) 
define 

r 

S n = a ®l„ + ^(a j ®r/ n) +a/®F/ n) *), (4.1) 

3=1 
r 

s = a ® lA + ^idj^yj + dj* ®y*), (4.2) 
j'=i 

G n (\) = E{(id 2m <g)tr n )[(A®l n -5 n )- 1 ]}, (4.3) 
G(A) = (id^fcrWAfclA-S)- 1 ]. (4.4) 
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Note that ||d,-|| = \\aj\\, < j < r, ||A|| = ||A||, and that ImA > with (KlmA)- 1 )! = 
||(ImA) _1 ||. Thus, it follows from the results obtained this far that there is a constant, 
C2 < 00, such that for every positive integer n and every A G M m (C) with ImA > 0, 

||G B (A) - G(A)|| < ^(||A|| + ^) 2 (||(ImA) _1 || 7 + ||(ImA) _1 || 5 ), (4.5) 
where K = ||a || + 16 Y^j=i \\ a j\\- The proof of Corollary 3.3 also carries over, so 

\\G' n (\) ~ G'(X)\\ < -—^(WM\ + m\\(ImX)-r + IKlmA)-! 6 ). (4.6) 

/ ll 



4.1 Lemma. For every positive integer n and every A € M m (C) with ImA > 0, 



R nW = -EE^^^idJ^GUA) 

j=l k,l=l 



-EE 

j=i k,i=i 



a*/™\Tr 2 ®id m ){G' n (\) 



e^aj 




4f a* 






lm 



lm 



Proof. By definition 

r m 

R nW =EE a i e « )E {( id m ® tr„)[(A ® l n - 5 n )-*(e£ l) a J - ® 1„)(A ® l n - S^ 1 ]} 



+ E E S*4/E{(id m ® tr n )[(A ® l n - S , „)-*(e^ ) a^ ® 1„)(A ® l n - S^ 1 ]}. 

j=l fc,Z=l 



j'=i 



Note that (A (g) l n - S n )~* = (A* ® l n - S^)" 1 . Moreover, since the random matrices Y 
have real entries, 

S* B = <4®1 B + X; (a* ® F/ n) * + (a*)' ® ^ 
As a = Oq, it follows that 

= at ® l n + ^ (a" ® r/ n) + a"* ® Yf°*) . 

Hence, 



(n) 



3=1 



5 _ ^ 

Now, standard matrix manipulations reveal that for every x G M m (C), 

o {\®\ n -s n y\x®\ n )(\®\-s n )-^ 



(A ® l n - S n ) _1 (x ® l n )(A ® l n - S n )~\ 
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where 



Thus, by [HT2, Lemma 3.2], 



•'■ I || Q ) 



(\(g)l n - S n )-\x(g)l n )(\(g)l- Sn)- 1 ^ = d_ 
dt 



It follows that 

(id m <g)tr n )[(A* ® i n - siy^x ® i n )(A <g> i - s;)- 1 ] 



t=o 



((A - tx) ® l n - 



= (Tr 2 ®id )| ^ ( id ™® tr n)[( A ® 1 "-' 5 «)~ < ( ;r ® 1 «)( A ® 1 -' 5 n) _1 ]^ ( 

= (Tr 2 ®id m )i (id 2m ®tr n )[(A® ln-^)" 1 ^® l n )(A<g> ln-^n) -1 ] L° 








(Tr 2 <g> id m ) • 



d 
dt 



t=o 



(id 2m <8> tr n )[((A - ix) ® l n - S^) - 



n / 

lm 



and 



E{(id m <g> tr n )[(A <g> l n - S^'^x <g> l n )(A 1- 5 n ) _1 ]} 



= (Tr 2 ®id m )<J-^ G n (A-t5) /i; ' ° 



lm 



= -(Tr 2 ®idJ^G n (A)[x] 





lm 



and the proof is complete. 



4.2 Remark. Inspired by Lemma 4.1 we define -R(A), a 'semicircular analogue' of R n (X): 



i=i k,i=i I 

r m ( 

-EE^lTr^idJ G'(A) 



n ( m ) 











lm 




l m o 



Then, according to (4.6), 

\\R n (X) - R(X)\\ < 2m 2 ^||a,||||(Tr 2 ®id m )||||G;(A)-G'(A)||||a J 

2304C 2 m 2 ' 



< 



n 



{Eii^n 2 ) (l|A|l+K)2(ll(ImArl||8 + ll(ImArl||6) - 
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And again, matrix manipulations reveal that 

r m 

R W =EE %47 } (id m ® r)[(A* ® 1* - s)" 1 ^^ ® 1^)(A ® 1^ - s)" 1 ] 
i=i fc,j=i 

+ E E S*47 } (id m ® r)[(A* ® U ~ s)- l {e^a) ® 1 A ){\ ® 1 A - s)' 1 ], 

3=1 k,l=l 

where 

r 

s = ® 1^ + ^(a~ <g> % + a~* <g> y*) . 
j'=i 

In particular, 

||i?(A)||<2m 2 (^||a,|| 2 )||(ImA)- 1 || 2 . (4.7) 
The same argument applied to (2.4) gives 

||i? n (A)||<2m 2 (^||a J || 2 )||(ImA)~ 1 f. (4.8) 
j=i 

4.3 Remark. Before proceeding any further we mention that all of the constants intro- 
duced this far, i.e. C±, C[, Ci and C2, may be expressed in terms of m, \\a \\, . . . , ||a r _i|| 
and ||a r ||. 

4.4 Theorem. Let r and m he positive integers, let be matrices in M m (C) 
with a = o*q, and for each positive integer n let Y-l n \ . . . ,Yr^ be stochastically inde- 
pendent random matrices from Gi?A4 M (n, ^). Furthermore, let (A, r) be a C* -probability 
space, and let yi, . . . , y r be a circular system in (A, r). Define 

r 

s = a (g)l A + ^2(aj (g)yj + a* (g)y*), 
3=1 

r 

S n = o ®l„ + ^(a J ®F/ n) + a*®(F/ ri) )*) ) 

3=1 
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and for XeO = {\E M m (C)\Im\ > 0} put 



G n (\) = E{{id m ®tr n )[{\®l n - Sn)- 1 ]}, 
G(X) = (id m ®T)[(X®l-s)- 1 ], 

r 

s = a^8U + ^(Qj ® Vj + a]* ® y*), 
J'=l 



(4.9) 
(4.10) 



(4.11) 



^( A ) = EE%4T ) (idm®r)[(A*®l yl -s)- 1 (e^ ) % ®l yl )(A®l yl - S )- 1 ] 

3=1 fc,Z=l 



(4.12) 



and 



+ E E °i e « ^idm ® r)[(A« ®1 A - 5)- 1 (e£ l) a5 ® U)(A ® U - a)" 1 ], 

3=1 fe,/=l 



L(A) = (id m ® r)[(A (8) U - s)~ 1 (i?(A)G(A)~ 1 <g> 1)(A ® 1 A - s)" 1 ]. (4.13) 



Tien there is a polynomial P of degree 13 with non-negative coefficients depending only 
on m,\\a \\, . . . , ||a r _i|| and \\a r \\, such that for any A G M m (C) with ImA > and for any 
neN 

G(X) - G n (X) + -L(X) < 1(||A|| + XO^dKlmA)- 1 !!), (4.14) 



n 



where fT' = ||a || + 16 JJ j=l \\ aj \\ + 1 = K + 1. 

Proof. Consider a fixed neN, and at first consider an arbitrary A G 0' n . With A n (A) as 
previously defined, 



A n (A) - A + -R{X)G{X)- 1 

Th 



< 



< 



An(A) - A + -R n (X)G n (X) 



-i 



n 



+ 



n 



J R n (A)G n (A)- 1 - J R(A)G(A)~ 1 

A„(A) - A + -R n (X)G n (Xy 1 + 

n 

^n(A)(G n (A)- 1 -G(A)- 1 ) + 
( J R n (A)- J R(A))G(A)- 1 



Throughout the proof we shall make use of the estimates 

IKA^l-s)- 1 !! < || (ImA) -1 1|, 

||(A n (A) ® 1 - s) _1 || < 2||(ImA)~ 1 ||, 
II^^H^dlAll+^IKlmA)- 1 !!, 
llG^^ll^dlAH+^IKlmA)- 1 !!, 



(4.15) 

(4.16) 
(4.17) 
(4.18) 
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which hold for arbitrary A G M m (C) with ImA > (cf. [HT2, Lemma 3.1], (3.5), the 
remarks preceeding [HT2, Lemma 5.4], and (2.11)). By Theorem 2.4 



A„(A) - A + -i? n (A)G n (A)- 1 < %||A|| + ^) 2 ||(ImA) _1 || 5 , 
and according to Remark 4.2 and (4.17) we have 

2304 (7 2 m 2 



(4.19) 



( J R n (A)- J R(A))G(A)~ 1 
By (4.8) 



< 



7?/ 



(Eii^ii 2 )(ii A ii + ^) 4 (ii( ImA ) _1 ii 9+ ii( ImA ) _1 ii 7 )- 

(4.20) 



r 

\R n (\)\\ < 2m 2 (^||a,|| 2 )||(ImA)- 1 || 2 , 



and from Theorem 3.2, (4.17) and (4.18) we have 

||G n (A)- 1 -G(A)- 1 || = ||G n (A)- 1 (G(A)-G n (A))G(A)- 1 || 

< ||G n (A)- 1 ||||G n (A)-G(A)||||G(A)- 1 | 



< ^(IIAII + KfdK^^f+IKlmA)- 1 !! 7 ). 



Therefore 
1 



n 



i? n (A)(G„(A)- 1 -G(A)- 1 ) 



< 



2C 2 m 2 



En^n 2 ) (l|A|l+K)8(ll(ImArl||11+ll(ImArl||9) - 



(4.21) 

From (4.19), (4.20) and (4.21) it follows that there is a polynomial Pi of degree 11 with 
non-negative coefficients depending only on m, \\ao\\, • • • , || a r-i|| and ||a r ||, such that for 
all AGO! 



A n (A) -A + -i?(A)G(A)- 1 

n 



< 



+ K + l) 8 -P 1 (||(ImA)- 1 ||). 



(4.22) 



We proceed as follows: By (4.13) 

L(A) = (id m ® r)[(A ®1 A - s)- l (R(\)G(X)- 1 ® 1 A )(X ®1 A - s)' 1 }. 

Moreover, 

(A <g> 1 A - s)- 1 - (A n (A) ® 1 A - s)- 1 = (A ® 1 A - s)- 1 [(A n ( A) - A) ® 1 A ] (A„(A) ® 1* - s)" 1 . 

(4.23) 
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Hence, by Proposition 3.1, 



G(X) - G n (X) + -L(X) 



n 



1 



G(X)-G(A n (X)) + -L(X) 



n 



< 
< 



{X®1 A - s)- 1 - (A n (A) ®1 A - s)- 1 + -(A ®1 A - s)~\R(X)G(X)- 1 <g> 1^)(A <g> 1* - s)" 1 
(A ® 1* - s)" 1 [(A n (A) - A + - J R(A)G(A)- 1 ) <8> l A ](A n {X) ®1 A - s)' 1 

Th 



+ 



(X®l A - S y 1 (-R(X)G(X)~ l <g> 1^)((A <g> U - s)- 1 - (A n (A) 1*- s)" 1 ) 

< IKA^-srHKA^A)®^-*)- 1 !! A n (A)-A + -i?(A)G(A)- 1 

n 

+ i||(A SI.* - s)- 1 !! ||i?(A)G(A) _1 || ||(A (gi U - s)" 1 - (A n (A) ® 1* - 1 1| 

(4.24) 

From Corollary 2.5 and from (4.23) we have 

||(A®l-s)- 1 -(A n (A)®l- S )- 1 || < 2||(ImA)- 1 || 2 ||A-A n (A)|| 

or" 

" Ulull +X) 2 (||(ImA)- 1 || 7 +||(ImA)- 1 || 5 ). 

(4.25) 



< 



n 



By insertion of (4.7), (4.15), (4.17) and (4.25) into (4.24) we find that 

ImA)" 1 !!^ 

1 1 iv 

AC[m 2 



G{X) - G n (X) + -L{X)\\ < -J\\X\\ +K + l) 8 Pi(||(ImA) _1 



n 



Eii^iiO (l|A|l+K ' )2(ll(ImArl||7+ll(ImArl||5)ll(ImAr1114 - 



Since K' — K + 1 > 1, (4.14) readily follows from this inequality in the case A e 0^. 
Next, assume that A G \ 0' n , i.e. 



1 <^ 

2 _ n 



+ KY(\\(lmX)- L \\ b +||(ImA) 



\-l l|4\ 



Then, clearly 



G(A) - G n (A) + -L(A) 



< ||G(A)-G B (A)|| + -||L(A)|| 

/ t/ 



< 



2C( 



+ 



^(IKlmA)- 1 !! 6 + IKlmA)- 1 !! 4 ) ■ (||G(A) - G B (A)|| + ±||L(A)||), 
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where 

||G(A) - G n (A)|| < ^(||A|| + ^) 2 (||(ImA) _1 || 7 + ||(ImA) _1 || 5 ), 

and 

||L(A)|| < II^IHI^-IIKlmA)- 1 !! 2 < 2m 2 (^ ||a,|| 2 )(||A|| +K) 2 ||(ImA)- 1 || 5 (4.26) 

i=i 

Since K' > 1, it is not hard to see from the estimates above that it is possible to choose a 
polynomial P having the properties stated in the theorem, such that (4.14) holds in both 
of the cases A G 0' n and A G \ 0' n . m 

4.5 Theorem. For m G N put 

(_) = {A G M m (C) | ImA < 0}, 

and for A G flH define G„(A), G(A), i?(A) and L(A) by the formulas (4.9), (4.10), (4.12) 
and (4.13), respectively. Then these four functions taking values in M m (C) are well- 
dehned and analytic in Q(~\ Moreover, (4.14) holds for A G 0^ too, with the same 
polynomial P as in Theorem 4.4. 

Proof. For fi G 0, let G^n\u), G^~\u), PS~\n) and L^~\o) be the functions obtained by 
replacement of S n and s by — S n and — s respectively in the formulas (4.9), (4.10), (4.12) 
and (4.13). Then, for A G one has that -A G 0, and 

G(X) = -G { -\-\), (4.27) 

G n (X) = -GiT>(-A), (4.28) 

R(X) = R(-\-X), (4.29) 

L(X) = -L ( - } (-A). (4.30) 

In particular, G n (A), G(A), -R(A) and L(X) are well-defined and analytic in Q(~\ Moreover, 
applying (4.14) with — S n and — s replacing S n and s, respectively, we find that for /iGO 



1 



n 



n z 



1 



For A G O(-) we put fj, = -X G and deduce from (4.27), (4.28), (4.29), (4.30) and the 
estimate above that 

G(X)-G n (X) + U(X) <l(||A||+in 8 nil(ImAn|). . 

lb I L 



5 The spectrum of S n 

We begin this section with a proof of 
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5.1 Proposition. Let (A, r) be a C* -probability space where r is a faithful state on 
A. Let r G N, and let {y 1 , . . . ,y r } be a circular system in (A,t). For m G N and 
ao, ai, . . . , a r G M m (C) with aj5 = ao define 

r 

s = ao®l A + ^2(a j ®y j + a*®y*), 
3=0 

r 

s = a <g)l A + y^(«7 ® Vj + 0]*® y*), 
3=0 

where a] = (a*)* . Then 

<j(s) = a(s). 

5.2 Lemma. (i) Let {x 1: . . . ,x s } be a semicircular system w.r.t. a faithful state r. 

Then there exists a conjugate linear ^-isomorphism ir of C*(xi, . . . , x s , 1) onto itself, 
such that 

n(xj)=Xj, (l<j<s), 

and r o 7r = t . 

(ii) Let {yi, . . . ,y r } be a circular system w.r.t. a faithful state r. Then there exists a 
conjugate linear ^-isomorphism p of C*(yi, . . . , y r , 1) onto itself, such that 

P(Vj) = Vj, (! < 3 < r ). 

and r o p = r . 

Proof, (i) With A — C*(xi, . . . , x s , 1), let A c be the C*-algebra obtained from A in the fol- 
lowing way: As a Banach *-algebra over the reals, A c is identical to A, but multiplication 
by complex scalars is changed into multiplication by the complex conjugate scalars. 

For a £ A we let a c denote the corresponding element in A c , and we define a faithful state 
r c on A c by: 

T c (a c )=V{a), (aeA). 

As all of the mixed moments of real numbers, the *-distribution of {x\, . . . ,x c s } 

w.r.t. t c is the same as the *-distribution of {x\, . . . , x s } w.r.t. r. Furthermore, it is clear 
that 1, x\, . . . , Xg generate A c . Hence, by [VI, Remark 1.8] there is a unique *-isomorphism 
4> of A onto A c such that 

<f ) (x j )=x c j , (l<j<s), 

and r = r c o 0. 
Define x ■ & c -> -A by 

X {a c ) = a, (a G ^1), 
and put 7T = x ° (ft '■ A ^ A. Then n has the properties stated in (i). 
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(ii) By definition there is a semicircular system {x±, . . . ,X2 r } such that 

Xj 4~ lXj+r . . . 

Vi= ^ » (l<J<r). 

It is clear that 1, xi, . . . , X2 r generate the same C*-algebra A as 1, y±, . . . , y r do. By (i) 
there is a conjugate linear *-isomorphism n of A onto A such that 

n(x j )=x j , (l<j<2r), 

and r o 7r = r . 

Now, {xi, . . . ,x r , —x r+ i, . . . , — x 2r } is also a semicircular system which, together with 1, 
generates A. And then again, by [VI, Remark 1.8] there is a unique *-automorphism ip 
of A, such that 

ip(xj) = xj, (l<j<r), 
ip{x r+j ) = -x r+j , (1 < j < r), 

and t o ip — t. Finally, let p = tp o n. Then p has the properties stated in (ii). ■ 

Proof of Proposition 5.1. Put Aq = C*(yi, . . . , y r , 1a), and let p : Ao — > -Ao be the 
conjugate linear *-isomorphism provided by Lemma 5.2 (ii). p extends to a conjugate 
linear *-isomorphism 

p m : M m (C) <g> Ao -> M m (C) <g> A) 

uniquely determined by 

p m (x®y) =x®p(y), (x e M m (C), y E A ). 



It is standard to check that for any t> e M m (C) ® Ah o"(Pm(' u )) = In particular, as 

s is self-adjoint, 



o-(s) = a(p m (s)) = a(s) = a(s). m 
Let S n , s, and L be as defined in Theorem 4.4, and for A e C \ R define 

#(A) = (tr m ®r)[(Al m ® U-s)" 1 ]}, 
/(A) = tr m (L(Al m )). 

By Theorem 4.4 and Theorem 4.5 these are actually well-defined. 

5.3 Lemma. Let A G C \ K. and let nGN. Then, with P and K' as in Theorem 4.4, 

g(X) - g n (X) + -/(A) < 1(|A| + iC^lmXl- 1 ). (5.1) 
n n z 
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Proof. This is an easy consequence of Theorem 4.4 and Theorem 4.5, because 

g n (X) = tr m (G n (Al m )), 

and 

( ? (A) = tr m (G(Al m )). ■ 

Recall from [Ru, Definition 6.7] that a distribution on 1 is a linear functional, A : 
C£°(R) — > C, which is continuous w.r.t. a certain topology on C£°(R). According to 
[Ru, Theorem 6.23], for any such A there exists a smallest closed set, FCK, such that 
for all G C£°(R) with supp(0) n F = 0, A(0) = 0. F is called the support of A and is 
denoted by supp(A). We denote by 2)' C (R) the set of compactly supported distributions 
on R. By [Ru, Theorem 6.24 (d)], every A G DJ,(1) has a natural extension to a linear 
funtional on C°°flR). We let A denote this extension as well. 



In the proof of Lemma 5.5 we shall need the following result proved by Tillmann in 1953: 
5.4 Theorem. [Ti, Satz 9 & 10] 

(i) Let A be a distribution on R with compact support. Define the Stieltjes transform 
of A, I: C\R^C, by 

Z(A)=A( X 1^), (A g C \ R). 

Then I is analytic in C\R and has an analytic continuation to C\supp(A). Moreover, 

(a) /(A) — > 0, as |A| — > oo, 

(b) ere exist a constant C > 0, an n G N and a compact set K C M containing 
supp(A), such that 

\l(X)\ < C-max{dist(A,ir)- n ,l}, (A e C\R), 

and 

(c) for any G C C °°(M) 

A(0) = lim — / + iy) — l(x — iy)]dx. 

(ii) Conversely, if K is a compact subset of R, and if I : C \ K — > C is an analytic 
function satisfying (a) and (b) above, then I is the Stieltjes transform of a compactly 
supported distribution A on R. Moreover, supp(A) is exactly the set of singular 
points of I in K. 



5.5 Lemma. There is a distribution A G D' C (R) with supp(A) C a(s), such that for any 

g c c °° 



A(0) = lim ^- / 0(x)[/(a; + ky) - Z(x - iy)]dx. (5.2) 
?,->o+ 2vr J R 
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Proof. We show that I satisfies (a) and (b) of Theorem 5.4 (i). By Proposition 5.1, 
cr(s) = cr(s). In addition, 

L(Xl m ) = (id m <g> r)[(Al m <g> 1* - s)- 1 (i?(Al m )G(Al m )- 1 <g> l/0(Al m <g> 1 A - s)- 1 ] 

where 

r m 

R(Xl m ) = a 3 e lf^m ® r)[(Al m <g> U - s)" 1 ^^ <g> l A )(Xl m ®U- s)' 1 } 

3=1 k,l=l 
r m 

+ a *Ai\^m ® r)[(Al m ®1 A - sY^e^a* <g> l^)(Al m 1*- s)" 1 ] 

i=i fc,/=i 

and 

r 

G(Al m ) _1 = Al m - a - ^2(a j G(Xl m )a* j + a*G(Xl m )aj). 

3=1 

It follows that L and I have analytic continuations to C \ cr(s). 
Moreover, 

|/(A)| < ||L(Al ro )|| < ||i2(Al m )||||G(Al m )- 1 ||||(Al ro (8)U-s)- 1 || 2 , 
where, for |A| > ||s||, 

r 

\\R(Xl m )\\ < 2m 2 (^||a,|| 2 )||(Al m ®l yl - S )- 1 || 2 

3=1 
3=1 

and 

r 

^(AlJ- 1 !! = \\xi m -a -J2( a M^m)^ + a}G(Xl m ) 

3=1 

< |A| + ||ao||+2(j]||a J || 2 )-^— . 

3=1 

It follows that 

|/(A)| -°(p^)' aS |A| ^°°- (5 ' 3) 

Hence, (a) is satisfied. 
By (4.26), for A G C\R 



\\{X)\ < ||L(Al m )|| <2m 2 (^||a,|| 2 )(|A|+^) 2 |(ImA)- 1 | 5 . (5.4) 



3=1 
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Now, choose a, b G R, a < b, such that a(s) C [a, 6], put X = [a — 1, b + 1], and put 

D = {A G C | < dist(A,X) < 1}. 

Note that for A G D, either dist(A,fT) = |ImA| or dist(A, cr(s)) > 1. Hence, by (5.4) and 
the fact that Z is bounded on compact subsets of C \ cr(s), we find that for some constant 
C < oo: 

VA G £> : |/(A)| < C-max{dist(A,ir)~ 5 ,l} = C ■ dist(A, K)~ 5 . 

By (5.3) / is bounded on C \ D. Hence, if C is chosen sufficiently large, then (b) holds 
with K — [a — 1, b + 1] and n — 5, and the lemma follows from Theorem 5.4. ■ 

5.6 Theorem. Let S n , s, P and K' be as in Theorem 4.4, and let A G D' C (R) be as in 
Lemma 5.5. Then for any G C£° 



E{(tr m <g> tr n )0(S n )} - (tr m <g) r)0(s) - -A(0) 



^ ^(t^ / K(! + ^) 14 <^)KM + V2t + K'fQ^e-'dmix) ® dm(tj), 

(5.5) 

where D — and Q is the polynomial of degree less than 13 defined by Q{t) = P(£ _1 )£ 13 . 
In particular, 

E{(tr m <g> tr n )0(S„)} = (tr m ® r)0(s) + -A(0) + O (^) . (5.6) 

Proof. By the Riesz representation theorem there are unique probability measures ji n and 
pi on (R, B) such that for any ip G Cq( 



^ d/x„ = E{(tr m ® tr n )V'(5' n )}, 



and 

tpdu,= (tr m <g> r)^(s). 



In particular, for A G C \ R we have 



fi'n(A) = / — !— d// n (x), 



and 



5 (A) = / y^-d/xOr). 

7 R A — X 

By the inverse Stieltjes transform 

djj, n (x) = Inn ( - ilm(5( n (x + ij/))dar^ = Hm {^{9n{x + \y) - g n (x - iy))dxj, 
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and 

d/i(x) — lim ( lm(g(x + iy))dx] = lim (— (g(x + ly) — g(x — iy))dx] , 

y— >0+ V 7T / y^0+ \2tI ' / 

in the sense of weak convergence of probability measures on (R, B) . Combining these 
observations with Lemma 5.5 we find that for any e C£°(R) 

E{(tr m <g> tr n )<f)(S n )} - (tr m <g> r)0(s) - -A(0) = 



y^0+ 2tt J R n 



(g n (x -iy)-g(x- iy) l(x - iy))]dx. 

Th 



Thus, with 



1 



r„(A) = g n (X) - g(X) - -/(A), (A e C \ R), 



E{(tr m ® tr„)0(S n )} - (tr m ® r)0(s) - -A(0) 



< — lim sup f A 

2tt y->0+ ^ </r 



4 > { x ) r n{ x + iy)dx 



(x)r n (x — k/)dx 



(5.7) 



The rest of the proof follows the lines of [HT2, Proof of Theorem 6.2]. For ImA ^ and 
pGN define 

IpW = r-^i I rniX + t^e-'dt. 

(p-i)Ur 

By (5.1), if e > and |ImA| > e, then for every t > 

MA + 1)\ < 1(|A + f | + ir') 6 ^(|Im(A + t)|- x ) < 1(|A| + t + iT)^ 1 ). 

Therefore 7 p (A) is well-defined, and it is standard to check that I p is analytic. 

Now, consider a fixed <fi G C£°(R), and let y > 0. After p steps of integration by parts we 
obtain: 

/ (f)(x)r n (x ± iy)dx = / ((1 + D) p (f))(x)I p (x ± iy)dx, 
Jr Jr. 



where D 



dx ' 



We are going to estimate | /14(A) |. Let's start with the case ImA > and define 

F(z) = ^«(A + z)z 13 e~ z , (Imz > -ImA). 
F is analytic, so for any r > 

/ F(z)dz + f F(z)dz + [ F(z)dz = 0. 

J[0,r] J[r,r+ir] J[r+ir,0] 
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The second term in the expression above tends to zero, as r goes to infinity. Indeed, 



F(z)dz 



[r,r+ir] 



F(r + if)dt 



o 



- 13! / \ r n(* + r + it)\r 13 e- r dt 

)13 /T 



- 13! [ ^" (A + r + it} ' + '^ (A + r + it)l + ^ |/(A + r + W )l) rl3e_rdi 



r 14 e" r 



0, as oo. 



Consequently, 



/14(A) 



lim / F(z)dz 

r ^°° J [0,r+ir] 

fOC 



/•oo 

= / F((l + i)t)(l + i)dt 
Jo 

1 r°° 

= 13! i, ^( A + ( 1 + i ^)(l + i) 14 i 13 e- (1+i) *dt, 



and by (5.1) 



|/i 4 (A)| < (\\+(l + i)t\+K')*P(\1m\ + t\- 1 )t a e- t dt 

2 7 

= IsWo (l A l + ^ + ^') 8 Q(^dt 

with Q(t) = P(t _1 )t 13 . The case ImA < is treated similarly, and we obtain the same 
upper bound as the one above. Thus, for every y > 

>(x)r n (x ± iy)dx 

< I \((l + D) 14 <j ) )(x)\(\x±iy\ + V2t + K') 8 Q(t)e' t dm(x)®dm(t)), 



lim sup 



and by dominated convergence, 
(x)r n (x ± iy)dx 
1 /2 7 



-^ll3! I l(( 1 + ^) 1 V)(^)l(kl + v / 2t + ^ , ) 8 QWe" t dm(a;)®dm(t) 
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By (5.7) this completes the proof. ■ 

An application of Remark 2.2 and Lemma 2.3 yields (as in [HT2, Proof of Proposition 4.7]) 
the following estimate: 

5.7 Proposition. Let ip : R — > C he a ^-function with compact support. Then 
V{(tr m ® ti n )^(S n )} < hjW 2 ) E {( tr ™ ® tr n )|^| 2 (^n)}. 



Finally, as in [HT2, Proof of Lemma 6.3] and [HT2, Proof of Theorem 6.4], we may 
combine Theorem 5.6 and Proposition 5.7 to get: 

5.8 Theorem. Let m G N, let ao, . . . , a r G M m (C) with ag = ao, and let £"„ and s be as 
defined in Theorem 4.4. Then for any e > and for almost all wefl, 

^(SnM) C <j(s) + (-e,e), 

eventually as n — > oo. 

5.9 Remark. Let r and s be non-negative integers with r + s > 1, and for each n G N, let 
X^ n \ . . . , be stochastically independent random matrices such that x[ n \ . . . , xi^ G 

GOE(n, ±) and X^ s G GOE*(n, J). Furthermore, let a , &i, . . . , 6 r+s G M m (C) sa , 

and put 

r+s 

5 n = a <g> l n + b j ® x j n) - 
j'=i 

For {xi, . . . , x r+s } a semicircular system in (A, r) put 



r+s 



As mentioned in the introduction, the xj^'s may be expressed in terms of r + s stochasti- 
cally independent random matrices Y± n \ . . . , y}™\ G GRM R (n, ^), and for suitable ai, . . . , a r G 

M m (C) 

r 

5 n = a ® l n + J2( aj <g> Y} n) + a* ® Yj n) *). 

3=1 

We may also assume that there is a circular system {y 1 , . . . , y r+s } in (.A, r) such that 

x i = ^(Vj + Vj)' (l<j<r), 
1 



V2 



(Vj-Vj), (r + l<j<r + s). 
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Then, with a±, . . . ,a r as above, 

r+s 

s = a <g> 1 A + ^(aj <g> yj + a*(g) y*), 

3=1 

and it follows from Theorem 5.8 that for any e > 

v(S n (u)) C cr(s) + (-£,£), 

eventually as n — > oo for almost all uo G fi. Thus, by the proof of [HT2, Proposition 7.3] 
we have: 

5.10 Proposition. Let r and s be non-negative integers with r + s > 1, and for each 
n G N, let x[ n \ . . . , Xr+ S be stochastically independent random matrices such that 
Xj n) , . . . , Xi n) G GOE(n, i) andXQ, X^ s G GOE*(n, ±). Furthermore, let {an, . . . , x r 
be a semicircular system in a C* -probability space (A, r) with r a faithful state on A. 
Then there is a P-null set N' C Q such that for any non-commutative polynomial p in 
r + s variables and for every u G Q\ N' : 

limsuplb^H,...,^^))!! < \\p(x 1 ,...,x r+s )\\. (5.8) 

n^oo 

6 Almost sure convergence of mixed moments. 

Throughout this section let r and s be fixed numbers in No with r + s > 1, and for 
each n G N, let x[ n \ . . . ,X^ S be stochastically independent random matrices such that 
Xj n) , . . . , Xi n) G GOE(n, I) and if', . . . , X r ( ^ G GOE>, I). 

Also, let (yi, r) denote a C*-probability space, and let an, . . . , x r+s be a semicircular system 
in (yi, r). 

The aim of this section is to prove: 

6.1 Proposition. There is a P-null set N" C Q such that for any non-commutative 
polynomial p in r + s variables and for every wGfl \ N": 

hminf \\p(x[ n \u;),...,X^))\\ > Mx 1 ,...,x r+a )\\. (6.1) 

n^oo 

From [HT2, Proof of Lemma 7.2] it is clear that this proposition follows from the following 
theorem: 

6.2 Theorem. For every p G C(X 1 , . . . , X r+S ) 

hm tr n (p(xi n) (cu), . . . = T(p(x u . . . ,x r+s )) (6.2) 

n— >oo 

holds for almost all u E Q. 
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Note that Theorem 6.2 is the strong version of the following result due to Voiculescu: 
6.3 Theorem. [V2, Theorem 2.3} Let r, s and x[ n \ . . . , X^ s be as defined above. Then 

(a) the sets {-Xj n ^}i<j<r+s are asymptotically free as n — > oo, and 

(b) for all j G {1, . . . , r + s} and for all k G N 

lim E{tr n ((X. (ri) ) fc )} = 77- / x k \fl^?dx. (6.3) 

n-+oo ^ 27T J _2 

In particular, for any p G C(X l5 . . . , X r+S ) 

lim E{tr n (p(x[ n \ . . . ,X%! S ))} = r(p( Xl , . . .,x r+s )). (6.4) 



Actually [V2, Theorem 2.3] is slightly different from Theorem 6.3 above, since in [V2] the 
diagonal elements of the first r random matrices x[ n \ . . . ,Xr U ^ have variance ^ and not 
| as in the definition of GOE(n, ^). However, when one works out the details of the proof 
sketched in [V2], it is easily seen that this change of the diagonal entries does not affect 
the validity of the result. 

In order to prove that Theorem 6.3 implies Theorem 6.2 we shall make use of the following 
two lemmas: 

6.4 Lemma. Let k G N. Then there is a constant C±(k) < oo such that for all n G N 
and for all G SGRM(n, 

E{\\X (n ^\\ k } <d(k). (6.5) 

Proof. According to [HT2, Lemma 5.1] the constant 4 dominates E{||X( n )||} for all n G N. 
Hence, we shall concentrate on the case k>2. Let n G N, and let X^ G SGRM(n, ±). 
Let A max (A^ n )) (respectively A min (X (n ))) denote the largest (respectively the smallest) 
eigenvalue of X^ n \ Then for all e > we have (cf. [HT1, Proof of Lemma 3.3]) 

2 

P(A max (XW)>2 + e) < n -exp(-^), 

P(A mln (XW)<-(2 + e)) < n-exp(-^), 

where the last equality follows from the first and the fact that — X^> G SGRM(n, ^). 
Hence, 

2 

P(||X (n) || >2 + e) <2n-exp(-^-). (6.6) 

Put 

/ 21og2n 

50 = V^^' (6 - 7) 
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and note that 

.2 



2n ■ exp ( - ^) = 1. (6.8) 
Define F : R -> [0, 1] by 

F(t) = P(\\X (n) \\ <t), (ieR). (6.9) 
Then from the estimate (6.6) it follows that for all e > 

2 

/ Tic \ 

F(2 + e) > 1 -2n-exp — J, (6.10) 
and carrying out integration by parts (cf. [Fe, Lemma V.6.1]) we obtain 

POO 

E{||X (n) f} = / t k dF(t) 
Jo 

POO 

= k t k ~\l -F(t))dt 
Jo 

p2+e poo 

= k t k -\l -F(t))dt + k / * fc_1 (l- F(t))dt 

Jo ^2+£ 

< (2 + e ) k + k J (2 + t) k ~ l 2n exp ( - — J dt. 

Now, using (6.8) we get 

r°° / nf 2 \ 

k I (2 + t) fe - 1 2nexp( -— )dt 
J e V 2 / 

= * f°(2 + «)*-'2« exp ( - " (t ~ e ° )2 - ^ - ne (t - e ))dt 

< * 2„exp ( - =£°) jf(2 + exp ( - ^*^l!)d ( 



£0 

dt 



= ^ OO (2 + t + c )^ 1 exp(-^) 

/■°° / t 2 \ 

<kj^ (2 + t + £o ) fc - 1 exp(--J 

It is easily shown that the function g : [|, oo[— > R defined by 



2 \ 

dt. 



/ 2 log 2a; 1 
9( x ) = \l — - — , ( x -2> ^ ' 



attains its maximum at x — e, and this maximum is 2e 2 which is less than 2. Hence, 

/oo / t 2 \ 

(4 + t) fc - 1 exp (- -jdt, 



and the lemma follows. ■ 
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6.5 Lemma. Let d G N, let i± : . . . , id G {1, . . . ,r + s}, and let n G N. Define f : 
Mn (C)^ - C by 



/(vi, . . . , v r+s ) = tr n (v h v id ), (yi, . . . i v r+s G M n (Q). 

Tien there is a constant C 2 (d) > (independent of n) such that 



v{/(xr,...,x^j}< 



(6.12) 



(6.13) 



Proof. From arguments similar to those presented in Remark 2.2 it follows that 



(n) v (n) u ^ _-^S\\(r^-^A f\( V^ n ) v( n - ')|| 2 } 



V{/(Xr, . . .,X™)} < -E{||(grad/)(Xr, . . . ,X 



(6.14) 



Now, let v = (ui,...,u r+s ) G M n (C) r+s , and let w = (w u . . . ,w r+s ) G M n (C) r+s with 
||w|| e = 1. By the Cauchy-Schwartz inequality: 



d 
dt 



t=o 



f(v + tw) 



d 
dt 



t=o 



Tr n ((v h + tw h ) (v id + tw id )) 



< -\\lnh,Tr n (\\ W il V i2 ■ ■■V id \\ 2 ,Tr n + IK^a • • ■ V id \\ 2 ,Tr n H h |K^ 2 " " "^iJkTrJ 

< ^(lhull2,TrJK"--^J + IMlMkTvJVi, ■ ■ ■ V id \\ + ■ ■ ■ + \\v h ■ ■ ■ \\ \\w id || : 



Hence, with M = maxi<j< r+s \\vj\\, 

1 d 

J(v + tw) < M d - X Y, 

V j = i 



d 

dt, 



t=0 



< —M d ~ l d, 



and since w was arbitrary, 



It follows from (6.14) that 



|grad/||* < -M 2 ^d 2 . 



n 



Y{f(x[ n \...,xH\)} < ^E{(,max \\X™\\)^} 



2n 2 l<j<r+s 3 



3=1 



For any X G GOE(n, ±) we may choose Y G SGRM(n, ±) such that 



(6.15) 



(6.16) 
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Similarly, when X G GOE*(n, ±) we may choose Y G SGRM(n, such that 

X = -L(Y-Y). (6.17) 

Then in both cases we have 

E ||| X || 2 (d-i)| < 2 (i - 1 E{||F|| 2(d - 1) }, (6.18) 

and applying Lemma 6.4 we obtain the desired estimate with 

C 2 {d) =d 2 (r + s)2 d - 2 ■C l (2d-2). m 

Proof of Theorem 6.2. Let d G N, and let . . ,i d G {1, . . . , r + s}. For each n G N 
define a complex random variable Z n by 

^ = tr„(xf X\f) - E{tr„(xf *£>)}. (6.19) 

By the Borel-Cantelli Lemma, if 

oo 

^P(|Z„|>n- 1 /3)< 00) (6.20) 

71=1 

then 

P(|Z n | < n~ 1/3 , eventually as n -> oo) = 1. (6.21) 

In particular, the sequence {Z n )^ =1 tends to zero almost surely, and it follows from The- 
orem 6.3 that 

hm tr n (xf • = r(x h ■ ■ -x id ), (6.22) 

n— >oo 

almost surely. Consequently, Theorem 6.2 holds. To prove (6.20), apply Chebychev's 
inequality and Lemma 6.5 as follows: 



P(\Z n \ > 71-V3) < n 2 / 3 E{|Z n | 2 } 

< n 2/3 C l( d ) 



n 2 



n 

n- 4 / 3 C 2 (d). 



6.6 Remark. The above proof of Theorem 6.2 follows the main lines of the proof of the 
corresponding result for the SGRM(n, -)-case sketched in [Pi, Proof of Theorem 9.9.3]. 



7 The symplectic case. 

We shall use the results of the previous sections to prove: 
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7.1 Theorem. Let r, s G N with r + s > 1 , and for each n G N, let Xf \ . . . , X^ s be 
stochastically independent random matrices defined on (Q, 3 r , P) such that x[ n \ . . . , G 
GSE(n, I) and xj.% xj$ a G GSE*(n, I). Furthermore, let (A, r) be a C* -probability 
space with r a faithful state on A, and let {x±, . . . ,x r+s } be a semicircular system in 
(A, r) . Then there is a P-null set N C Q such that for any uo G f2 \ N and for any 
polynomial p in r + s non-commuting variables: 

lim \\p(x[ n \u;), . . .,X™(u))\\ = \\p(x u . . .,x r+s )\\. 



Definitions of the random matrix ensembles GSE(n, ^) and GSE*(n, ^) were given in the 
Introduction. 

7.2 Remark. With (A,t) and {x±, . . . , x r+s } as in Theorem 7.1, let (C,0) be another 
C*-probability space with a faithful state on C, and let {z\, . . . , z^ r+s )} be a semicircular 
system in (C,0). Then, by [VDN, Proposition 5.1.3], 



r+s 



Ul z 4j-3 + z 4j-2 z 4j-3 — z 4j-2 



is also a semicircular system in (C,0). Hence, 



r+s 



M! = |J 



^4jr'-3 + z ij-2 z ij-3 ~ z ij-2 

7! ' 71 



is a semicircular system, 

r+s ( 

Z4j — IZ^j-i 



M 2 = |J 

3=1 



r+s 

I 2^- 

is a circular system, and the sets Mi and M 2 are *-free. 
For 1 < j < r + s define Zj G M 2 (C) by 



v 7 ^ \ 75(%' ~ i^4j-i) 75(^-3 + 24,-2) / ' 



According to [VDN, Proposition 5.1.6], {Zi, . . . , Z r+S } is then a semicircular system in 
(M 2 (C),tr 2 <8> (/))■ Furthermore, faithfulness of (tr 2 <g> 0) on M 2 (C) implies that there is a 
state-preserving unital *-isomorphism $ : C*(1.a, X\, . . . , x r+s ) — > C*(l 2 ®lyi, Zi, . . . , Z r+S ) 
such that <&(xj) = Zj, 1 < j < r + s (cf. [VI, Remark 1.8]). Hence, Theorem 7.1 is 
proved, as soon as we have shown that there is a P-null set N C f2 such that for any 
p G <C(X 1 , . . . , X r+S ) and for every u G f2 \ N: 

lim MX< n \u>),...,X<$ a (u,))\\ = \\p{Z 1 ,...,Z r+s )\\. 
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7.3 Proposition. Let t, u G N witi t + u > 1, arid for each n G N, let X[ , . . . , -?Q+„ 
be stochastically independent random matrices with x[ n \ . . . , X^ G GOE(n, ^) and 

.X"^, . . . , -Xj™^ G GOE*(n, -). Furthermore, let {xi, . . . , be a semicircular system 

in a C* -probability space (C, 0) with a faithful state on G, and let 23 be a unital exact 
C* -algebra. Then there is a P-null set N C Q such that for any polynomial p in t + u 
non-commuting variables with coefficients in 23, and for every uo G Vt \ N: 

lim \\p(x[ n) (u;), . . . ,xil ) u (u))\\ Mn ('B) = \\p( x u ■ ■ • ,a:t+n)||s® min c*(e ), 

n— +oo 

where C = C*(le,a;i, . . . ,x t+u ). 

Proof. This follows from Theorem A in the same way as [HT2, Theorem 9.1] follows from 
[HT2, Theorem 7.1]. ■ 

Note that Theorem 7.3 applies in the case 23 = M 2 (C). 

Proof of Theorem 7. 1 For each n G N we may choose stochastically independent random 
matrices z[ n \ . . . , Z^, + ^ such that for 1 < j < r we have that zff_ 3 G GOE(n, ^), 

Z« 2 , zj^, Z<;> e GOE*(n, i), and 

= (j ;)«^i.+("o 1 ;)°*&+(° o)« z ^ + (-i "o 1 )®* 

and for r + 1 < j < r + s we have that zf)_ z € GOE*(n, i), z£l 2 , Z^, zff e 
GOE(n, i), and 

Let p G C(Xi, . . . , X r+S ). Then there is a polynomial g in 4(r + s) non-commuting 
variables and with coefficients in M 2 (C) such that 

. . . , XjW ) = q{2Z [ n \ 2Z$ +s) ). (7.1) 

With (C, 0) as in Theorem 7.3, let {z±, . . . , z^ r+s )} be a semicircular system in (C, 0). Set 
23 = M 2 (C), and choose iV C f2 as in Theorem 7.3, such that for any u G Q \ N, 

lim \\q(2Z[ n \u;),...,2Z$ = • • • , (7.2) 
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Clearly, q may be chosen in such a way that 
q(zi, . . . , z 4 ( r+s )) 



= P 



P 



\ 



i 



ZAj-2 + 



I 
"5 



-I 



<8> % 



Z4j-3 — Z4j- 2 ) ^(Z4j + i^4j-l) 
-75(24.7 - i^4j-l) -75(24,-3 + 24,-2) 



1<j <r+s- 

Combining this identity with (7.1) and (7.2) we find that for every 00 G f2 \ N, 



hm \\p(x[ n \uj),...,XZ(uJ 



(n) 



P 



J_ / 73(^-3 - %-2) 73(24.7 + i%-i) 

V 7 ^ \ 71 - fc^-l) 7f(%-3 + 2 4 j- 2 )^ 

and, according to Remark 7.2, this completes the proof. ■ 



l<j<r+s- 



l<j<r+s- 



8 Identifying A in special cases. 

The aim of this section is to identify the distribution A occurring in Lemma 5.5 and 
Theorem 5.6. We shall concentrate on the cases S n G GOE(n, -), S n G GOE*(n, -), 
S n G GSE(n, ±) and S n G GSE*(n, ±). 

We let x be a semicircular element in a C*-probability space (A, t) with r a faithful state 
on A. 

8.1 Theorem. Let G C C °°(M). TLen 
(1; for n G N and X n G GOE(n, J), 

(8.1) 

(ii) forneN and X n G GOE*(n, ±), 

E{tr n (0(X n ))} = r(0(,)) + i-^(O)-i £-0L^ + (8.2) 

(iiij for n 6 N and X n G GSE(n, J), 

E{(tr2 « tr „),(x„) } = £ a,-^±M) + o(±), 

(8.3) 

and 
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(iv) for n GN and X n G GSE*(n, ±), 

E{(tr 2 ® tr n )0(X n )} = r(0(x)) + i- ^ £ - 0(0) j + o(^). (8.4) 

Proof, (i) Let X n G GOE(n, £), and for A G C \ R put 

G n (A) = E{tr„[(Al n -X n )- 1 ]}. 
In this first case corresponding to m — 1, r — 1, a = 0, and a x = ^= we have: 

it>(A) = T [(\l A -xr 2 ] = -g'(\), 

L(X) = t[(X1 a - x)- 1 R(X)g(X)- 1 (Xl A - x)- 1 ] 

= -R(X)g(\)- 1 g'(\) 

= [g'(\)fg(\r\ 

for A G C\ [-2,2]. 

Then, according to Lemma 5.5, 

A(0) = lim ± / <f>(x)[L(x + iy) - L(x - iy)]dx, (0 G C c °° (R)) (8.5) 

defines a distribution A on R with supp(A) C [—2, 2]. 
By [VDN, Example 3.4.2] 

9(A) = j , 

where ^Jl — means the principal value of \Jl — , i.e. ^Jl — > if A G R, A > 2. 
Hence, 



and 



2l ^A^4/' 



4^ y/W^l) A-v 7 )^! 
1 / A 1 



With 



2 \ A 2 - 4 



vx = \ (6-2 + S 2 ), (8.6) 



is the Stieltjes transform of z/ 1; i.e. 



G^(A) = ^ ri , (AGC\{±2}). (8.7) 
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Moreover, one may calculate the moments of the probability measure z/ 2 given by 

<W*0 = \^^= A ■ l[-2,2](z)dz (8.8) 

and use the series expansion of (A 2 — 4)" 1 / 2 , (|A| > 2), to see that ^ A 2_ 4 is the Stieltjes 
transform of z/ 2 , i.e. 

G va (\) = -^=, (AgC\[-2,2]). (8.9) 

Altogether 

L(X) = ±(G Ul (X)-G U2 (X)), (AgC\[-2,2]). (8.10) 

Hence, by the inverse Stieltjes transform and (8.5), A is the distribution on R correspond- 
ing to the signed measure ^(vi — v^. 

By Theorem 5.6, for any G C£° 



E{tr n (0(X n ))} = T (<f>(x)) + -A(<f>) + O ' ' 



n " ' \n 2 



that is 



(ii) Let X n G GOE*(n, ±), and for A G C \ R put 

G n (A) = E{tr„[(Al n -X n )- 1 ]}. 
In this case (corresponding to m = 1, r = 1, a = 0, and a x = -^), 

i2(A) = -rKXU + xy^XU-x)- 1 ] 

rKXU + xy^jXU-x)- 1 } 
2A 

rKAU-x)- 1 ] 



A 



x ' 

where the third equality follows from the fact that x and —x have the same distribution. 
Thus, 

L(A) = r[(Al^-x)- 1 i?(A)( ? (A)- 1 (Al^- a :)- 1 ] 
t[(X1 a -x)-*] 
X 

A 

i A i 



2 \ A y/W^l 
1 
2 



(G„(A)-G„(A)), 
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where u 2 is the measure defined above, and u 3 = 5q. 
Hence, for any G C™(M) we have: 



E{t r „«X„))}=r W ,) ) + ^^(0)-i/_ 2 2 -|i=d,) +0(1). 

(iii) Consider a random matrix X n G GSE(n, ^). For convenience we introduce some 
notation: 



.0 -i/' V-l 0/' U 0. 

and we let H c denote the complexification of the quaternions. Then 

H c = span c {l 2 , a, X, £} = M 2 (C). 

It follows from the definition of GSE(n, ^) and the relations between GOE(n, ^), GOE*(n, ^) 
and GRM R (n, -) mentioned in the Introduction, that there are independent random ma- 
trices Yi (n) ,y 2 (n) ,y 3 (n) and y 4 (n) from GRM R (n, ±) such that 

X„ = £(a i ®lf ) + aT®lf>*), 
j'=i 

where 111 I 

ai = — = I2, a 2 = — 7= 3, a>3 = — 7= 3C, and a 4 = — — £. 
2^2 2^2 2^2 2^2 

Let (23, t) be any C*-probability space with r a faithful state on 2, and let {yi, ?/ 2 , 2/3, 2/4} 
be a circular system in (B, r). Define s G H c (g) 23 by 

4 

3=1 



Then 



J_( 71(^1 +^2) ^(ix 3 + x 4 )\ 
V2 \73(- i;r 3 + x A ) ^(xi - x 2 ) J 



for a semicircular system {xi, . . . ,2:4} in (23, r). By [VDN, Proposition 5.1.3] and [VDN, 
Proposition 5.1.6], this representation of s reveals that s is circular in (M 2 (23),tr 2 ® r). 
Hence, it suffices to prove that 

E { (tr 2 ^)^) } = (tr 2 ^) ( S ) + i-(i d,-^l±Mj +0 (-L). 

(8.11) 
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According to Theorem 5.6 there is a distribution A with supp(A) C a(s) = [—2,2], such 
that 

E{(tr 2 <g> tr n )0(X n )} = (tr 2 <g> r)0(s) + -A(0) + O (—) , 

As in the two first cases, to identify A we try to recognize /(A) = tr 2 (L(Al 2 )) as the 
Stieltjes transform of a signed measure and then apply the inverse Stieltjes transform. By 
definition 

/(A) = (tr 2 <g> r)[(Al 2 <g> 1 B - s)- 1 (i?(Al 2 )G(Al 2 )^ 1 <g> 1 S )(A1 2 <g> l s - s) _1 ], (8.12) 
where (note that in this case a* = ±aj) 

4 2 

R(X1 2 ) = 2J2J2 ( id2 r )[(%4? ® 1b)(A1 2 <8> l s - s)" 1 ^^- ® 1 S )(A1 2 ® Is - s)" 1 ]. 
i=i fe,/=i 

We prove that 

i?(Al 2 ) = -i (id 2 <g> r)[(Al 2 <g> l s - s)- 2 } = l - ^C(A1 2 ). (8.13) 

To this end define a linear map ^ : H c <g> 2 ->• H c ® 2 by 

#(l 2 <g>&) = 1 2 <8>&, 

^(a®&) = -a® 6, 

^(L®b) = -£,(8)6, 

for b E'B. One easily checks that \I/ is actually a (well-defined) unital *-isomorphism. In 
particular, as 

Al 2 <g> Is - s = *(A1 2 ® 1b - s), 

we have that 

(Al 2 ® l s - = (*(A1 2 ® Is - s)) _1 = *((A1 2 <g> 1 B - s)" 1 ). (8.14) 
Let x ® f be an elementary tensor in H c ® B. Then 



2 



x <S> v, if x = 1 2 , 

—x <g)v, if x = d, 

-x <S> v, if x = X, 

-x <S> v, if x = XL, 



and it is standard to check that this implies that for x G {1 2 , 3, 3C, £} (and hence for any 
x G H c ) we have: 



4 2 



EE( fl i4? ® UMxtovXeflaj ® Is) = -^(s® u). (8.15) 



i=i fc,/=i 
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As Al 2 <8> Is — s belongs to the unital C*-algebra H c ® 23, (Al 2 <8> Is — s) 1 also belongs 
to H c <g> B. Thus, (8.14) and (8.15) imply that 

Yl ( a i e ki ® 1 ^)(A1 2 ® Is - s)" 1 ^?^ <g> Is) = (Al 2 ® Is - s)"\ 
j=i fe,/=i 

and consequently, 

i?(Al 2 ) = -i (id 2 ® r)[(Al 2 ® Is - s)- 2 ] = i ^(Al 2 ). 

The next step is to prove that G(A1 2 ) G Cl 2 . We have seen that 

4 

C^Al,)- 1 = Al 2 - ^(a,G(Al 2 )a* + a*G(Xl 2 ) aj ), 

that is 

G(A1 2 )- 1 = Al 2 - X - (G(A1 2 ) - 3G(\l 2 )d - XG(\1 2 )X - £G(A1 2 )£). (8.16) 

Now, for any x G M 2 (C) we have: 

x - 3x3 - XxX - LxL = 4 tr 2 (rr)l 2 G Cl 2 , (8.17) 
and therefore, by (8.16), G(A1 2 ) _1 G Cl 2 . Then G(A1 2 ) is a scalar too, so 

G(A1 2 ) =tr 2 (G(Al 2 )) 1 2 = <?(A) 1 2 , 

and 

G(A1 2 )- 1 = (?(A)- 1 1 2 . 

By (8.13) 

i2(Al 2 ) = \ g'(\) 1 2 , 

and again, since s is semicircular, 

A - A./l - A 

Inserting these expressions into (8.12) we find that for A G C \ [—2, 2] we have: 
/(A) = l - g'{\)g{\)- 1 (tr 2 ®r)[(Al 2 ®l s - s )- 2 ] 

= [</(A)] 2 2(A)- 1 

/ \ 2 



24\ ^fW^l) \-y/W=l 

1 / 1 A_ 

4 \ JW^l A 2 -4 

i(G„(A)-G^(A)), 
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where v\ and u 2 are the measures defined above. Then (8.11) follows as in the previous 
cases. 

(iv) The proof of (iv) is similar to the proof of (ii), but one must apply some of the 
techniques from the proof of (iii) too. We leave out the details. ■ 
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